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COGENT is a continuum gyrokinetic code for edge plasma simulations being developed by the Edge Simulation
Laboratory collaboration. The code is distinguished by application of a fourth-order finite-volume (conservative)
discretization, and mapped multiblock grid technology to handle the geometric complexity of the tokamak edge.
The distribution function F is discretized in v - u (parallel velocity — magnetic moment) velocity coordinates, and
the code presently solves an axisymmetric full-f gyro-kinetic equation coupled to the long-wavelength limit of the
gyro-Poisson equation. COGENT capabilities are extended by implementing the fully nonlinear Fokker-Plank
operator to model Coulomb collisions in magnetized edge plasmas. The corresponding Rosenbluth potentials are
computed by making use of a finite-difference scheme and multipole-expansion boundary conditions. Details of
the numerical algorithms and results of the initial verification studies are discussed.
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1 Introduction

The edge of a tokamak is distinguished by a complex magnetic geometry and short radial length scales
(comparable to particle drift-orbit excursion) for plasma density and temperature variations. Also, the gradient
length scales along the magnetic field can be comparable to collisional mean free path. As a result, substantial
deviations from a local Maxwellian distribution can occur, and a full-f kinetic code including the nonlinear
Fokker-Plank (FP) collision operator is required for adequate modeling of edge plasmas. To avoid the critical
problem of statistical noise in full-f PIC simulations, the Edge Simulation Laboratory (ESL) collaboration has
developed a continuum gyro-kinetic code COGENT [1-4], which discretizes a kinetic equation on a phase-space
grid and employs advanced numerical methods from fluids community [4-5]. COGENT utilizes a fourth-order
finite-volume (conservative) discretization combined with arbitrary mapped multiblock grid technology (flux
surface aligned on blocks) to handle the complexity of tokamak divertor geometry with high accuracy [4-6]. The
present version of the code models an axisymmetric 4D (R, vy, u) gyrokinetic equation coupled to the long-
wavelength limit of the gyro-Poisson equation. Here, R denotes the gyrocenter coordinate in the poloidal plane,
and v and u are the gyrocenter velocity parallel to the magnetic field and the magnetic moment, respectively. In
our previous studies, we discussed the implementation of various simplified collision models [1] and their
performance in neoclassical simulations [2]. In this work, we report on the implementation and initial testing of
the fully nonlinear Fokker-Plank collision operator.

Evaluation of the Fokker-Plank operator requires computation of the so-called Rosenbluth potentials
determined by two coupled elliptic (Poisson) equations in the velocity space. A widely used approach for
evaluation of the Rosenbluth potentials in magnetized plasmas involves decomposition of a distribution function
using Legendre polynomials of the v)/v coordinate [7-9]. Here, v=|v| denotes the particle speed. Recently, Pataki
and Greengard proposed an alternative spectral method [10], which employs fast Fourier transforms in the v-
direction allowing for very efficient (fast) computation of the Rosenbluth potentials. While such spectral methods
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exhibit rapid convergence for smooth velocity distributions characteristic of a tokamak core, the presence of
velocity-space holes (due to prompt orbit loss) in a tokamak edge can substantially degrade their convergence
properties. To make use of the advanced grid technologies implemented in COGENT [4-6], which will allow for
efficient adaptive-mesh-refinement (AMR) treatment of the velocity distributions in a tokamak edge, we develop
a finite-difference algorithm to solve for the Rosenbluth potentials. Note that iterative schemes used for solving
such finite-difference approximations can benefit from a good initial guess, for which a solution from a previous
time-step can be used.

Evaluation of the Rosenbluth potentials requires solving the Poisson equations in the open velocity space,
and therefore appropriate boundary conditions should be computed for a finite-domain simulation. While the free-
space (radiation) boundary condition can be naturally implemented when spectral decomposition is involved [9-
10], a finite-difference approach requires the use of the free-space Green’s function method to compute the
Rosenbluth potentials at the domain boundaries. A direct calculation of the Green’s function integrals, however,
involves O(Nm) work, and thus can be computationally more intensive than an iterative solve [11-12]. Here, N is
the number of velocity grid points used to represent the distribution function. Therefore, we develop an
approximate method for a fast calculation of the boundary conditions. The method is based on the multipole
expansion of the Green’s function, and can be highly effective provided the velocity domain boundaries are
placed sufficiently far outside the particle distribution.

The paper is organized as follows: The theoretical model of the Fokker-Plank collision operator is
summarized in Sec. II. Details of the simulation model including the multipole-expansion boundary conditions
and their implementation are discussed in Sec. III. Finally, the results of initial verification studies are presented
in Sec. IV.

2 Fokker-Plank collision operator

Neglecting finite-Larmor-radius effects and considering, for simplicity, single-species collisions, the Fokker-
Plank operator takes on the following form in the (v, ) coordinates
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Here, F(R, v, 1) is a gyrocenter distribution function, L=).(4mq*/m)* is the logarithmic factor, A, denotes the
Coulomb logarithm, and ¢ and m correspond to the species charge and mass, respectively. The collisional fluxes
in Eq. (1) are given by
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Here, B is the magnetic field strength, and the Rosenbluth potentials H and G are determined from
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Note that Eqgs. (5)-(6) represent the Poisson equations in the 3D velocity space, i.e., AJH=F and A,G=H, written in
the (v, 1) coordinates for the case where the gyro-angle dependence is ignored.
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3 Simulation model

COGENT adopts the standard numerical algorithms developed as part of the Hypre library [31] for solving Eqgs.
(5)-(6). These algorithms require specification of the Rosenbluth potentials at the boundaries of the simulation
domain. Making use of the free-space Green’s functions method, it is straightforward to show that the Rosenbluth
potentials at the domain boundaries are given by
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where, v,,is the velocity coordinate at the domain boundary, and Q,, denotes the infinite 3D velocity space. As
mentioned earlier, the computational work required for direct calculations of the integrals in Egs. (7) and (8) can
be more intensive than that required to solve Egs. (5)-(6). Therefore, we develop an asymptotic method, based on
the multipole-expansion analysis, which can significantly reduce the computational work required to evaluate the

boundary conditions in Egs. (7)-(8).
3.1 Multipole-expansion boundary conditions for the first Rosenbluth potential H

The implementation of the multipole-expansion boundary conditions for the first Rosenbluth potential is
straightforward and is based on the expansion of the Green’s function in Eq. (7) in spherical harmonics [14],
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Here, Y, is the spherical harmonic function, 8=arcos(v/v) is the pitch angle, ¢ is the gyro-angle, v-» = max {|v|,|v'[},
and v.= min{|v|,|v'|}. Making use of Egs. (9) and (7), it follows that
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where P, are the Legendre polynomials, and the multipole moments 4, are given by
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Here, Q. is the computational v - 4 domain, v=|v| denotes the particle speed, and it is assumed that the distribution
function F is zero for |v[>V,,;,, where V,,;,=min{|v;,} is the minimal absolute value of the velocity coordinate on
the computational domain boundary, 0€Q.. Note that the COGENT velocity grid is represented by a uniform
rectangular grid, and |vy,,| varies along the domain boundary.

Equations (10)-(11) constitute the multipole-expansion boundary conditions for the first Rosenbluth
potential, H. Note that the multipole moments [Eq. (11)] correspond to the decomposition of a distribution
function in the Legendre polynomial basis, and therefore may have degraded decaying properties in a tokamak
edge (as discussed in Sec. I). However, fast convergence of the multipole-expansion boundary conditions [in Eq.
(10)] is mediated by the presence of 1/v/"! coefficients, which exhibit rapid decay for the case where the domain
boundary is located sufficiently far from the core of the distribution function.

3.2 Multipole-expansion boundary conditions for the second Rosenbluth potential G

The second Rosenbluth potential is also determined from the Poisson equation with the right-hand-side given by
the first Rosenbluth potential, i.e., A,G=H (see Sec. II). Therefore, by analogy with Eq. (7), it readily follows that
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However, the analysis described in Sec. 3.1 for the case of the first Rosenbluth potential cannot be directly
applied
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Fig. 1  Implementation of the multipole-expansion boundary conditions. (a) Schematic of the first Rosenbluth potential,
H(v), decomposition used for the evaluation of the free-space Green’s function integral [in Egs. (12) and (13)]. (b) Schematic
of the cut-cell issue.

to Eq. (12). The difference appears due to the fact that the first Rosenbluth potential H(v) in Eq. (12) is a slowly
decaying function, H~1/v, whereas the distribution function F(v) in Eq. (7) decays rapidly for typical plasma
physics problems, e.g., F~exp[-(v/vy)’]. Accordingly, while the distribution function F(v) satisfies the condition
of zero (or, negligibly small) F(v) for |v|>V,,;, within the computational domain, the same is not true for H(v).
Moreover, it is straightforward to show that neglecting a slowly decaying tail of H(v) outside some arbitrary large
(but finite) domain (with rectangular boundaries in v and x) will lead to an erroneous computation of G(v).
Therefore, in order to evaluate the multipole-expansion boundary conditions for the second Rosenbluth potential
on a compact computational domain, we decompose the integral in Eq. (12) as [see Fig 1(a)]
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where Hy,,(v) is the numerical solution for the first Rosenbluth potential [in Eqgs. (5), (10), and (11)] on the
computational domain, and H,,,;,(v) is the multipole expansion of H(v), i.e.,

H,. V = 2 cosH (14)
dx

Following the analysis in Sec. 3.1 we can now represent the first term on the right-hand-side of Eq. (13) as
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where the multipole moments g; are given by
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and H,,,(v) is defined by H y,(V)=H om(V) for v<V,,;, and H,,,(v)=0 for v>V,,;,. Making use of Egs. (9) and (14), it
is straightforward to show that the second term on the right-hand-side of Eq. (13) can be represented as
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Note that in deriving Eq. (17) we ignored the diverging contribution from the upper-limit (i.e., v—o) of v-
integration for /=0 because it only contributes an arbitrary constant to the free-space solution of Eq. (5). This
constant vanishes when the drag-diffusion coefficients in Eq. (4) are evaluated, and therefore can be ignored.
Collecting the results in Eqs. (15)-(17), we readily obtain
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3.3 Implementation

Presently, a second-order discretization scheme is employed to evaluate the Rosenbluth potentials in Egs. (5)-(6)
subject to the boundary conditions in Eqs. (10)-(11), (16), and (18). Note that for this order of discretization the
cut-cell issues [Fig. 1(b)] associated with the evaluation of the integral in Eq. (16) do not introduce a significant
challenge. The contribution to the integral in Eq. (16) from the cut cells is the order O(NV 1/2). Therefore, the
second-order accurate representation of the cut-cell contributions can be achieved by calculating the integral in Eq.
(16) over a cut cell as (2zB/m)K .S, Here, K. is the cell-centered value of the integrand in Eq. (16) with H,,(v)
being used instead of I:Idom(v), and Sj;, is the part of the cell area lying under the curve v=V,,;,, where the curve
shape is approximated (within the cell) by a straight line [Fig. 1(b)].

A fourth-order finite volume method is then used to evaluate the Fokker-Plank operator in Eqgs. (1)-(4).
Note that the resulting accuracy of a simulation corresponds to the accuracy of the lowest-order algorithm
involved in the numerical implementation, and is, therefore, presently only of second order. Improving the order
of a discretization scheme for the Rosenbluth potentials evaluation (from 2™ order to 4™ order) involves more
detailed analysis of the cut-cell issues and is currently underway.

4 Results of initial testing

Several initial verification studies of the Fokker-Plank collision model employed in COGENT are reported.
Figures 2 and 3 illustrate the results of the Rosenbluth potentials evaluation. For the test-case presented in Fig. 2,
we adopt an isotropic normalized distribution function F(¥) [Fig. 2(a)] defined by F(¥)=1-|]* for [v|<I, and
F(¥)=0 for |v|>1, where V is the normalized particle speed. Due to distribution isotropy only the term /=0 needs to
be retained in the multipole-expansion boundary conditions. The results of the COGENT simulations for the
second Rosenbluth potential [Fig. 2(b)] are compared with the free-space analytical solution to Eqgs. (5)-(6), and
second-order accuracy of the numerical solution is demonstrated [Fig. 2(c)].

The asymptotic convergence of the multipole-expansion boundary conditions is illustrated in Fig. 3. For
this test-case, the normalized distribution function in Fig. 2(a) is shifted in the direction of the normalized parallel
velocity by v,=0.35 [Fig. 3(a)]. As expected, the numerical solution for the Rosenbluth potentials converges to the
correspondingly “shifted” analytical free-space solution provided a sufficient number of multipole terms is
retained in the multipole-expansion boundary conditions [Figs. 3(b) and 3(c)].

(b) C cell size, h (arbitrary units)
-0.04
I 1E-03 1E-02 1E-01
1E-03 : ;
»
- = 1E-04 yd
I 0.12 S P
L /
1E-05 P + COGENT
v
I -0.19 1E08

0 v 0 v

Fig. 2 COGENT evaluation of the Rosenbluth potentials. Shown are (a) the normalized distribution function F(¥); (b) the
normalized COGENT solution for the second Rosenbluth potential [Eq. (6)]; and (c) the numerical error (blue dots) defined by
the maximal difference between the analytical and COGENT solutions to Eq. (6). The cell size parameter, /, is measured by
1/N"2, where N is the total number of velocity grid points to represent the distribution function and the same number of grid
points in v and u directions is used in the simulations. The simulations are performed for N1/2={32,64,128,256}. The red line
corresponds to a second-order convergence rate.

After testing the evaluation of the Rosenbluth potentials, we now perform more comprehensive
verification studies, in which Maxwellian relaxation of an arbitrary distribution function is investigated [Fig. 4].
For this test, the gyro-kinetic advection operator is turned-off, and the simulation model is given by

oF/ot = F) (19)

where C[F] is the Fokker-Plank collision operator specified in Sec. 2. The initial distribution function is taken to
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be F(v)=Aexp(-B|v|*), where 4 and B are the normalization constants. Figure 4 shows that the distribution relaxes
to a Maxwellian distribution with the same energy and parallel momentum. In addition, second-order accuracy in
energy conservation is demonstrated [Fig. 4(c)].

(a) (b) (€) #of multipole terms retained
' l'0'04 0 2 4 6 8 10
)

7 (-
Io.s
I,

\/0 \/” \/0 '\/”

1E+00

1.E-01 -

b

I -0.12 S 18021
—
w

I 1.E-05 -
-0.21

Fig. 3  Convergence of the multipole-expansion boundary conditions. Shows are (a) the normalized distribution function
F(v); (b) the normalized COGENT solution for the second Rosenbluth potential [Eq. (6)]; and (c) the numerical error defined by
the maximum difference between the analytical and COGENT solutions to Eq. (6). The simulations are performed for N"?=128
(with the same number of grid points in v and u directions), and the error saturation in frame (c) corresponds to the finite
(second-order) accuracy of the numerical discretization shown in Fig. 2(c).

(@) Maximum value relaxation (b) Distribution evolution (c) Energy Conservation
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Fig. 4  Verification studies of the Fokker-Plank operator: Maxwellian relaxation. Shown are (a) time-evolution of the
maximum value of the distribution function F(v); (b) v-slice of the distribution function corresponding to the time instances of
t=0 (green curve) and t=4 (blue dots), and a Maxwellian distribution fit (pink line); and (c) normalized energy error (blue
diamonds) accumulated over a time period of t=4 for the grid resolutions corresponding to N"?=32, 64, and 128 (with the same
number of grid points in v and u directions). The energy error AE is normalized to the corresponding initial value, E. The red
line corresponds to a second-order convergence rate. The results in Frames (a) and (b) are obtained using N'?=128.

4 Conclusion

We report on extending the COGENT code capabilities by including the fully nonlinear Fokker-Plank collision
model for edge plasma simulations. The presence of velocity-space holes in a tokamak edge plasma distribution
may significantly degrade the converging properties of spectral techniques, which are often used for the
evaluation of the FP operator in a tokamak core. This issue motivates development of finite-difference schemes
that can significantly benefit from the AMR capabilities that are provided by the CHOMBO framework [6] on
which COGENT is built. Here, for preliminary studies we develop a finite-difference algorithm for evaluating the
Rosenbluth potentials on a uniform (vj-x) grid. Evaluation of the Rosenbluth potentials requires solving two
Poisson equations in the open velocity space, and therefore the appropriate boundary conditions should be
computed for a finite-domain simulation. In contrast to the numerical schemes involving spectral decomposition,
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finite-difference algorithms lack natural free-space boundary conditions. As a result, the Rosenbluth potentials
have to be evaluated at the domain boundaries by making use of the free-space Green’s function method.
However, direct computation of the corresponding Green’s function integral can be computationally more
intensive than the iterative solve itself, and thus we develop a multipole-expansion-based approach for evaluating
the boundary conditions. The approach is implemented in COGENT and is successfully verified. Potential
numerical error introduced by “cut-cells” related to the natural coordinates of the multipole-expansion (i.e., v and
v)/v) not being conformal to the (v, x) COGENT grid, is pointed out and discussed.
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